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Correctness w.r.t. a specification
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Refinement into Concurrent Programs

(| q1 ∩ q2 |)
v

(rely r1)e(| q1 |)e (guar g1) ‖ (rely r2)e(| q2 |)e (guar g2)

if g2 V r1

g1 V r2
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Rely-Guarantee Refinement Calculus –
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Semantic model

Aczel Traces

states σ ∈ Σ, predicates p ⊆ Σ

program steps π(σ, σ′)

environment steps ε(σ, σ′)

trace [ π(σ0, σ1), ε(σ1, σ2), ε(σ2, σ3), π(σ3, σ4), . . .]

relations q, r ,g ⊆ Σ× Σ

π(g) = {(σ, σ′) ∈ g · π(σ, σ′)}
ε(r) = {(σ, σ′) ∈ r · ε(σ, σ′)}
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Hierarchy of Algebras

( C, + , · , ∗ , 0, 1)

Kleene Algebra

( C, + , · , ∗ , − , 0, 1)

Kleene Algebra with Test

( C, + , · , ∗ , ∞ , 0, 1)

Omega Algebra

( C, + , · , ∗ , ω , 0, 1)

Refinement Algebra

Propositional Dynamic Logic, Hoare Logic

partial correctness total correctness

[D. Kozen]

[E. Cohen] [J. v Wright]

a 0 = 0
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Refinement Algebras

( C, ⊓ , ; , ∗ , ω , ⊤, skip)

Refinement Algebra
[J. v Wright]

Rely-Guarantee Refinement Algebra
[I. Hayes]

 as complete lattice

( C, ⊓ , ; , ‖ , , ⊤, nil, skip)

(C,⊓,⊔,⊤,⊥)

c∗ = νx · nil u c; x
cω = µx · nil u c; x
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Special operators

strict conjunction: c e d
(π(r1); c1) e (π(r2); c2) = π(r1 ∩ r2); (c1 e c2)

(ε(r1); c1) e (ε(r2); c2) = ε(r1 ∩ r2); (c1 e c2)

c e abort = abort
e.g., (rely r) e c and (guar g) e c

parallel composition: c ‖ d
(π(r1); c1) ‖ (ε(r2); c2) = π(r1 ∩ r2); (c1 ‖ c2)

(ε(r1); c1) ‖ (ε(r2); c2) = ε(r1 ∩ r2); (c1 ‖ c2)
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Concurrent Prime number sieve
S the set of numbers, C the set of all composite numbers.

(| S′ = S − C |)
= by set theory

(| S′ ∩ C = ∅ ∧ S − S′ ⊆ C ∧ S′ ⊆ S |)
v introducing guarantee

(guar S − S′ ⊆ C ∧ S′ ⊆ S) e

(| S′ ∩ C = ∅ ∧ S − S′ ⊆ C ∧ S′ ⊆ S |)
= trading guarantee with specification as relation is transitive

(guar S − S′ ⊆ C ∧ S′ ⊆ S) e (| S′ ∩ C = ∅ |)
v assume C =

⋃
i ci

(guar S − S′ ⊆ C ∧ S′ ⊆ S) e (| ∀i · S′ ∩ ci = ∅ |)
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Prime number sieve (cont)
(guar S − S′ ⊆ C ∧ S′ ⊆ S) e (| ∀i · S′ ∩ ci = ∅ |)
v Law introduce-parallel (for n processes)

(guar S − S′ ⊆ C ∧ S′ ⊆ S) e

‖i ((guar S′ ⊆ S) e (rely S′ ⊆ S) e (| S′ ∩ ci = ∅ |))

v Law distribute guarantee over ‖
(guar S − S′ ⊆ C ∧ S′ ⊆ S) e (guar S′ ⊆ S) e

‖i ((rely S′ ⊆ S) e (| S′ ∩ ci = ∅ |))

v Law nested-guarantee

(guar S − S′ ⊆ C ∧ S′ ⊆ S) e

‖i ((rely S′ ⊆ S) e (| S′ ∩ ci = ∅ |))
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Tool support

Calculus
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Algebra

Semantic Specific
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Future directions: Applications

Verification of algorithms with fine-grained
synchronisation e.g., non-blocking data structures

push(v : T):
1 n:= new(Node);
2 n.val := v;
3 repeat
4 first:= head;
5 n.next := first;
6 until CAS(head,first,n)
7 return

pop(): T:
1 repeat
2 first:= head;
3 if first = null
4 return empty;
5 fn := first.next;
6 v := first.val
7 until CAS(head,first,fn);
8 return v

...

head

n
v

first

...

head

n
v

first

...

head

n
v

first

...

head

n
v

first

...head

n
v

first
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Future directions: Applications

Verification of algorithms with fine-grained
synchronisation e.g., non-blocking data structures
Verification of algorithms in Weak Memory Models

p q
initially: x = y = 0

x := 1 y := 1
z := y w := x

observable: z = w = 0

buffer

memory

flush

r/wprogram

- include buffer and flushes
in target program

- allow for potential
reordering of operations
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Future directions: Applications

Verification of algorithms with fine-grained
synchronisation e.g., non-blocking data structures
Verification of algorithms in Weak Memory Models
“Rely-Guarantee Compilation” ?
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